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Abstract 

Consider a sequence of i.i.d. random variables X n where each random variable is refreshed indepen- 
dently according to a Poisson clock. At any fixed time t the law of the sequence is the same as for 
the sequence at time but at random times almost sure properties of the sequence may be violated. If 
there are such exceptional times we say that the property is dynamically sensitive, otherwise we call it 
dynamically stable. In this note we consider branching random walks on Cayley graphs and prove that 
recurrence and transience are dynamically stable in the sub-and supercritical regime. While the critical 
case is left open in general we prove dynamical stability for a specific class of Cayley graphs. Our proof 
combines techniques from the theory of branching random walks with those of dynamical percolation. 
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1 Introduction 

In Benjamini et al. p] several properties of i.i.d. sequences are studied in the dynamical point 
of view. In particular, it is proven that transience of the simple random walk on the lattice 
7L d is dynamically stable for d > 5, and dynamically sensitive for d = 3,4. While recurrence is 
dynamically stable for d = 1, see [1], it is dynamically sensitive in dimension d = 2, see Hoffman 
[8]. Khoshnevisan studied in [10] and [11] other properties of dynamical random walks. We 
also refer to a recent survey [13J on dynamical percolation. In this note we define dynamical 
branching random walks on Cayley graphs and study dynamical sensitivity of recurrence and 
transience, see Theorem 12.11 

1.1 Random Walks 

Let us first collect the necessary notations for random walks on groups; for more details we 
refer to [H]. Let G be a finitely generated group with group identity e, the group operations 
are written multiplicatively (unless G is abelian). Let q be a probability measure on a finite 
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generating set of G. The random walk on G with law q is the Markov chain with state space 
G and transition probabilities p(x, y) = q(x~ 1 y) for x, y € G. Equivalently, the process can 
be described on the product space (G, q) N : the n-th projections X n of G N onto G constitute 
a sequence of independent G-valued random variables with common distribution q. Hence the 
random walk starting in x S G can be described as 

S n = xX\ ■ ■ ■ X n , n > 0. 

If not mentioned otherwise the random walk starts in the group identity e. Let P denote the 
transition kernel of the random walk and p( n \x,y) = F(S n = y\So = x) be the probability to go 
from x to y in n steps. We will assume the random walk to be irreducible, i.e., for all x,y there 
exists some k such that p^ k \x,y) > 0. Denote G(x,y\z) = ^2^ = oP ( - n \x,y)z n the corresponding 
generating functions. The inverse of the convergence radius of G(x,y\z) is denoted by p{P). The 
spectral radius p{P) is also given as 

p(P) =lim sup [>)(>,</)) , (1) 
where the limsup is, due to the irreducibility of the random walk, independent of x and y. 

1.2 Branching Random Walks 

We use the interpretation of tree-indexed random walks, compare with [2], to define the branching 
random walk (BRW). Let T be a tree with root r. For a vertex v of T let \v\ be the (graph) 
distance from v to the root r. Let T n = {v : \v\ = n} be the n-th level of the tree T. We label 
the edges of T with i.i.d. random variables with distribution q. The random variable X v is the 
label of the edge (v~,v) where v~ is the unique predecessor of v, i.e., \v~\ = \v\ — 1. Define 
S v = e ■ ni=i where (vo = r, vi, . . . , v\ v \ = v) is the unique geodesic from r to v. Note that 
the process is described on the product space (G,q) r . 

A tree-indexed random walk becomes a BRW if the underlying tree is a realization of a 
Galton- Watson process with offspring distribution p = (po, pi, . . .) and mean m = Y^k kp-k- For 
ease of presentation we will assume that the Galton- Watson process survives almost surely, i.e., 
Ho = 0, and that m > 1 in order to exclude the trivial case p\ = 1. We say the BRW is recurrent 
if ¥(S V = for infinitely many v) = 1 and transient if ¥(S V = for infinitely many v) = 0. Here 
P does correspond to the product measure of the Galton-Watson process and the tree-indexed 
random walk: we pick a realization T(oj) of the Galton-Watson process according to fi and 
define the BRW as the tree-indexed random walk on T{uj). Alternatively we could say that the 
BRW is recurrent if for a. a. realization T{ui) the tree-indexed random walk is recurrent, i.e., 
^ {^1^=1 Yl\v\=n l{Sv = e} = oo^ = 1, where P corresponds to {G,q) r<yU) \ Since we consider 
BRW on Cayley graphs the probability F(S V = for infinitely many v) is either or 1, see [5]. 
Therefore, the BRW is either recurrent or transient. 

We have the following classification due to [5]: 

Theorem 1.1. The BRW is transient if and only if m < l/p(P). 
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Remark 1.1. There is the following equivalent description of BRW. At time we start the process 
with one particle in e. At time 1 this particle splits up according to some offspring distribution 
[x. Then these offspring particles move (still at time 1) independently according to P. The 
BRW is now defined inductively: at each time each particle splits up independently of the others 
according to fi and the new particles move then independently according to P. 



Let us introduce the dynamical process. Fix a tree T. For each v G T, let {X v (t)}t>o be an 
independent process that updates its value by an independent sample of q with rate 1. Formally, 
consider i.i.d. random variables {X^ : v G T, j G N} with law q, and an independent Poisson 
process {ipv^}j>a of rate 1 for each v G T. Define 



where ipi, = for every n. The distribution of (X v (t)) v ^r is q for every t > 0. Denote P the 
probability measure on the underlying probability space on which the dynamical BRW process 
is defined. In the following P, E will always correspond to the dynamical version while F, E 
describe the non-dynamical process. 

Due to Theorem II .11 we have with Fubini's Theorem 



if m > l/p(P). The result of this note is that there are no exceptional times for transience and 
recurrence of BRW in the sub-and supercritical regime. For the critical regime we assume an 
additional condition on the Cayley graph, but believe that transience is dynamically stable in 
general. 

Theorem 2.1. We consider a BRW on a Cayley graph G with law q and offspring distribution 
[i (whose support excludes 0) and mean m > 1. Then: 

• if m < l/p(P) and ^2 n np( n \e,e)m n < oo then 



2 Dynamical BRW 



X v (t) := for < t < 4 v j) 



(2) 




if m < 1/p and 




P ^ l{S v (t) = e} < oo for all t\ = 1 
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• if m > l/p(P) then 

P I jr E l{Sv(f) = e} = oo for all t J =1 

\n=l \ v \=n J 

Remark 2.1. Observe that m < l/p(P) implies that ^2 n np( n \e,e)m n < oo. The later con- 
dition does in general not hold in the critical case, i.e., m = l/p(P): we only have that 
^2 n p( n \e,e)m n < oo for random walks on nonamenable Cayley graphs. The condition de- 
pends on the nonexponential type of the return probabilities; if p( n \e,e) ~ p(P) n n~ x we speak 
of n~ x as the nonexponential type of return probabilities. While the simple random walk on the 
homogeneous tree does not satisfies the condition, various random walks on free products with 
A > 2 are presented in [4]. 

Remark 2.2. In Theorem l2.1l the Galton-Watson tree is fixed for all t > and only the increments 
of the tree-indexed random walk are dependent on t. One may use a dynamical version of the 
Galton-Watson process to define a dynamical BRW. To do this, let Y{t) be a dynamical random 
variable with values in N = {1, 2, . . .} defined as in Equation j2]) and {Y n ,i{f))n,i>l be independent 
random variables distributed like Y(t). We define the dynamical Galton-Watson process as 

Z n (t) 

Z x (t) = 1 and Z n+ i(t) = Y n,i(t) for n > 1. 

i=l 

Every Galton-Watson process Z n (i) gives rise to a Galton-Watson tree T(t) which enables us 
to define a dynamical BRW such that the distribution of {X v {t)) v ^j-u\ is q r ^ for every t > 0. 
The proof of Theorem 12.11 generalizes to this version of dynamical BRW. Observe hereby that 
one not only has to take care about the values of X^'s along certain geodesies but also about the 
existence of these geodesies during some time intervals. 

Remark 2.3. A multi-type Galton-Watson process is a generalization of the standard Galton- 
Watson process where one distinguishes between different types of particles. The different types 
are normally encoded by the natural numbers. The process is described by Z n = (Z n (l), Z n (2), . . .) 
where Z n (k) denotes the number of particles of type k at time n. For k > 1 let Y^ k ' = 
(y( fe )(l),y( & )(2),...) be random variables in {N U {0}} N . Say we start the process with one 
particle of type 1, i.e., Z\ = (1,0,0,...), then the multi-type Galton-Watson process is defined 
inductively by 

oo Z n (k) 

Z n+l = E E Y S for a11 n z i, 

k=l i=l 

where (Y^) n ,i>i are independent random variables distributed like Y^ k \ For ease of presentation 
we assume first that the process survives almost sure, i.e., £?^y (*)(») > 1 almost sure for all 
k. Furthermore, we assume the multi-type Galton-Watson process to be irreducible, i.e., for all 
k there exists some n G N such that the probability that Z n (k) > is positive. 
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A BRW on a Cayley graph can be viewed as a multi-type Galton-Watson process: the position 
x G G of a particle is interpreted as its type. In this case the types are encoded by elements of G. 
Recurrence of a BRW on a Cayley graph means that each site x is visited infinitely many times 
almost sure. This is equivalent to say that the corresponding multi-type Galton-Watson process 
survives locally: F(Z n (x) > for infinitely many n) = 1. If we leave the homogeneous setting 
of BRW on Cayley graphs and consider BRW on a general graph the probability that infinitely 
many particles return to the starting position may be strictly between and 1, compare with 
[5]. We say the BRW is transient if the latter probability is and recurrent if it is positive. The 
corresponding phenomenon occurs for multi-type Galton-Watson processes too. We say there is 
local survival if F(Z n (k) > for infinitely many n) > 0. Due to the irreducibility of the process 
the latter probability is either positive for all k or equal to for all k and we can speak of local 
extinction if F(Z n (k) > for infinitely many n) = for all (some) k, compare with |6J. 

It is straightforward to define a dynamical multi-type Galton-Watson process analogously to 
the dynamical Galton-Watson process defined in Remark 12.21 One might wonder if there are 
exceptional times for local survival and local extinction. Now, let us drop the assumption that 
the process survives almost surely. We speak of global survival if Z n > for infinitely many n 
with positive probability and of global extinction otherwise. The treatment of global survival is 
in general more difficult and even more subtle since critical processes may survive or die out, 
compare with [3]. Therefore the study of exceptional times for global survival/extinction is one 
of the next steps to go. 

Remark 2.4. Let us consider a transient random walk S n = Y17=l on Z (or K) with E[Xj] > 0. 
We assume that there exists a rate function /(•) satisfying 

-1(a) = lim -logPOS 1 ™ < an) for a < Effl. 

n— >oo 77, 

Denote by m n the minimal position of a particle at time n; m n = m.in^ =n S v . There is the 
classical result that linin^oo ^ = inf{s : I(s) < logm}. Combining the proof of Theorem 18.3 
in [12] with the ideas of the proof of Theorem l2.1l one can see that there are no exceptional times 
for the (linear) speed, i.e., lim^^oo m "W = inf{s : I(s) < logm} for all t. Furthermore, in the 
critical case m = 1/ p(P) we have that m n /n — > but m n — > oo as n — > oo. The second order 
behaviour is more subtle: while for a wide range of BRW m n / log n converges in probability it 
does in general not converge almost surely. We refer to [9j for more details and references on 
recent results. In this respect the study of exceptional times for the second order behaviour is of 
interest. 

3 Proof of Theorem [231 

Transience is dynamically stable if ^2np^ n \e,e)m n < oo: It is convenient to define an aux- 
iliary random variable r, which is exponentially distributed with mean 1 and independent of 
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(X v (t)) ve T,t>o, see Section 3 in [T|. Define 

J i 

By Pubini's Theorem we have E[i? n ] = m n p( n \e, e). We follow the line of proof of Lemma 5.6 in 
P]. In what follows we only consider those n G N such that P(5 n = e) > 0. We have for n > 1 

P(^n > 0) E[ ~" ] 



V[Z n \Z n > 0]' 

Let a := inf{t > : S v (t) = e for some v G 7^}. There might be several v such that S v (a) = e. 
In order to choose one of them we use an enumeration of the vertices of T n . This enumeration 
is chosen once for t = and remains fixed for t > 0. Define the random set R = {v G T n : 
S v (a) = e} and let v be the smallest (in the above enumeration) element of R. Furthermore, 
denote (r,v\, . . . ,v n = v) the geodesic from r to v. For any geodesic (r, v ) = (r, v\, . . . , v n = v ) 
we define the event 

A((r,v)) = {X Vk , 1 < k < n, do not change their values during [a, a + 1/n]}. 

Since the event that X Vk changes its value during [a, a + 1/n] is independent of its value at time 
a we have that P(A((r, v}) \ a < oo) = 1/e. 

Conditioned on the event {Z n > 0} we have a G [0, r). By the strong Markov property and 
the memoryless property of r, we have 

P(r > cr+ l/n,3v : S v (t) = e Vi G [a,a + l/n]\Z n > 0) 

\ l/n 



>P(r>(7 + l/n,A«r,i;)»|2 n >0)= f-J ~. (3) 
If the above event occurs, then 2 n > 1/n. Hence 

P(Z n > \ln\Z n > 0) > 1/e 2 and E[2U2: n > 0] > 

Eventually, 

P(Z n > 0) < e 2 np (n \e, e)m n Vn, 

and hence ^2 n P(Z n > 0) < oo. By the lemma of Borel-Cantelli there are no times t such that 
J2\v\=n l{Sv{t) = e} > for infinitely many n and therefore 

P( 3t : 1 i S ^( t ) = e} = oo) = 0. 

n \ v \=n 

Recurrence is dynamically stable: Let us first consider the non-dynamical BRW. Since m > 
l/p(P) we have with equation (Q]) that there exists some k G N such that p( k \e,e)m k > 1. 
It's rather standard, e.g. compare with proof of Theorem 18.3 in [12], to define the following 
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embedded process (£ n )n>i where we observe the process only at times ik, t £ N, and kill all 
particles that are not in e at these times. Then £ n describes the number of particles at e at time 
nk. Let us give a more formal definition of this process. Let T v be the induced subgraph of T 
consisting of all descendants of v, or in other words, of all vertices whose geodesic to the root 
goes through v. Furthermore, let T£ = {w E T v : d(v,w) = k} be the vertices at level k of T v 
and denote by v~ k the fc-th predecessor of v, i.e., v € T v and d{v~ k ,v) = k. Define 

Y v = 1{S W = S v }. 

Let Hi = {r} and define inductively for n > 1 

H n+ i = {v : \v\ = nk, S v = e, S v - k G H n }. 
Then £ n = \H n \ but can also be written as 

veH n 

Since the ({Yv)veT ik )i>i are i.i.d. random variables the process ^ n has the same law as the Galton- 
Watson process (Z n ) n >i defined through Z\ = 1 and Z n+ i = Ylf=i Yn,i, where (3^,i( n ,i>i are 
i.i.d. random variables distributed like Y v . Since ~E\Y V ] = p( k \e,e)m k > 1 the process Z n is a 
supercritical Galton-Watson process and hence survives with positive probability and so does 

The dynamical version of the BRW induces a dynamical version of £ n : Let Hi(t) = {r} and 
define inductively 

H n+ i(t) = {v : \v\ = nk, S v (t) = e, S v -k(t) € H n (t)}. 
Let £ n (t) = \H n (t)\ which can also be written as 

&+!(<)= Yl 

veH n (t) 

where 

Y v (t) = HS w (t) = S v (t)}. 

weT* 

Again, with (Yn,i{t))n,i>i i-i-d. like Y v (t) the Galton-Watson process defined by Zi(t) = 1 and 

z n (t) 

Z n+ i(t) = Y n,i(t), 

1=1 

has the same law as £ n (t)- 
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As before P denotes the probability measure for the non-dynamical process while P describes 
the dynamical version. Analogously to the study of the noncritical cases in [7] let 



With 



we can write 



inf H n = P| H n (t) and inf £ n = | inf H n \. 

[a,b] ' ' . [a,b] [a,b] 

te \a,b\ 



inf Y v = y l{S w (t) = S v (t) Vt G [a, b]} 



inf £ n = > inf Y v , where the sum is over v G inf H n -\- 

[a,b] ^ [a,b] [a,b] 



As above, the process infr a ^ £ n is a Galton- Watson process with mean E[infr a w Y v ]. In order 
to show that there exists some e > such that E[infr 0i£ ] Y v ] > 1 we proceed analogously to the 
arguments around Equation j3]). Let R v = {w G T% : S w (0) = S^O)}. Condition on the fact 
that > I let wi,...,wi be the I smallest (according to some enumeration of the vertices) 
elements of R v . Observe 

P(infn>0 > ^(\Rv\>l)'P(S Wi (t) = S Wi (0)yte[0,s],l<i<l\\R v \>l) 

[0,e] 

■ 2 \ ski 



> p(y«>o 

where the last inequality comes from the consideration of the worst case where the geodesies 
(r,Wi) are disjoint (except of r). 

Eventually, since ¥,[Y V ] > 1 we can choose e > such that E[inf[ 0)£ ] Y ni i] > 1. Hence, the 
Galton- Watson process infr 0)£ ] £, n is supercritical and there are no exceptional times in the interval 
[0,e]. Repeating the arguments for the intervals [ke,(k + l)e] and using countable additivity 
concludes the proof for m > 1. 
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